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CHAPTER 7
Valuing Standard Options Analytically

n Chapter 6, we developed option price relations in the absence of costless
arbitrage opportunities. While the no-arbitrage price relations have useful

applications, they provide only bounds on prices, not exact option values. In
this chapter, we develop valuation equations for European-style options and
show how the equations can be used for risk measurement. We also describe
how to estimate of the parameters of the valuation equation.

An option, like any other security, can be valued as the present value of its
expected cash flows. For a European-style call option, the expected cash flow is
at the option’s expiration and equals the expected difference between the under-
lying asset price and the exercise price conditional upon the asset price being
greater than the exercise price. Thus the call’s expected cash flow depends on,
among other things, the expected risk-adjusted rate of price appreciation on the
underlying asset between now and expiration. Once the call’s expected terminal
value is established, it must be discounted to the present. The discount rate
applied to the expected terminal option value is the expected risk-adjusted rate
of return for the option. The problem with this “traditional” approach to valu-
ation is that it is difficult, if not impossible, to estimate precisely the expected
risk-adjusted return parameters.

A major theoretical breakthrough occurred in 1973, with the publication of
research papers by Black and Scholes (1973) and Merton (1973) (hereafter,
BSM). They showed that if we can form a risk-free hedge between an option and
its underlying asset, option valuation will not depend on individual risk prefer-
ences and need not depend on estimating expected risk-adjusted returns.1

Indeed, if option valuation does not depend on risk preferences, we are free to
choose any type of individual risk behavior in valuing an option. An obvious
choice is to assume individuals are risk-neutral. In a risk-neutral world, all assets
are expected to have a rate of return equal to their risk-free rate of interest. Con-
sequently, the need to estimate risk-adjusted rates of return is eliminated.

This chapter has five sections. The first section builds the intuition underlying
risk-neutral valuation using a simple, one-period binomial model. We show that

1 If a risk-free hedge can be formed between two risky securities, the securities are redundant,
and each can be priced in relation to the other as investors are risk-neutral.

I
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BSM option values are the same as those obtained using risk-neutral individuals
and risk-averse individuals. With the irrelevance of risk preferences established, we
turn to risk-neutral option valuation. The BSM model assumes that the price of the
asset underlying the option is log-normally distributed. In the second section, we
develop the expressions for the expected value of the asset price given estimates of
the mean and the variance of the normally distributed return distribution. With the
expected terminal price of the option in hand, we present the valuation equation of
a European-style call option in the third section and a European-style put option in
the fourth. The fifth section shows how the option valuation formulas can be used
to measure an option’s risk characteristics. The final section contains a summary. 

INTUITION OF RISK-NEUTRAL VALUATION

The key insight of the BSM option valuation model is that, if a risk-free hedge
may be formed between the option and its underlying asset, an option can be
valued without knowing anything about individual risk preferences. To develop
the intuition for the risk-free hedge, we use a simple, one-period binomial model
and value a European-style call option. We then show the value of the call is the
same for individuals who are risk-neutral and risk-averse.

Risk-Free Hedge Portfolio Using a Binomial Model

To illustrate the nature of the risk-free hedge portfolio, consider a European-
style call option that allows its holder to buy one unit of an asset in three
months at an exercise price of 40. Suppose that the asset’s current price is 40
and that at the end of three months the asset price will be either 45 or 35. These
asset prices are shown in Figure 7.1. Depending on whether the asset price is 45
or 35, a call will have a value of 5 or 0. 

FIGURE 7.1 Binomial lattice showing terminal asset prices and call option values. 
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Now, consider buying one unit of the asset and selling n call options. The
terminal value of the portfolio will be 45 – 5n if the price of the asset rises and
35 if it falls. Now, if we set n such that 

45 – 5n = 35

we find that selling two call options (i.e., n = 2) eliminates all portfolio risk. In
other words, if we buy one unit of the asset and sell two calls, the terminal value
of the portfolio is certain to be 35—we have created a risk-free hedge portfolio.

The fact that the portfolio is risk-free means that in the absence of costless
arbitrage opportunities the cost of forming this risk-free hedge portfolio today,
40 – 2c, must be equal to the present value of the certain terminal value, 35,
where the discount rate is the risk-free rate of interest. If the risk-free rate of
interest is 2%, the call option can be valued by solving

The value of the European-style call is 2.84. 

Costless Arbitrage Opportunity To check that the value of the call is 2.84 for all
individuals, independent of their attitudes toward risk, assume the call price is
3. What should we do? The answer is “Sell the call, buy a half unit of the asset,
and borrow 17.16” (i.e., the present value of half of 35), as is shown in Table
7.1. This portfolio generates 3 – 0.5(40) + 17.16 = 0.16 in cash. At the option’s
expiration in three months, the value of the portfolio is 

–(45 – 40) + 0.5(35) – 17.50 = 0

if the asset price rises to 45, and is 

0 + 0.5(35) – 17.50 = 0

if the asset price falls to 35. In other words, with this portfolio, we collect 16 cents
up front and have no further obligation or risk. We have earned a costless arbitrage
profit. Since everyone can engage in costless arbitrage if an opportunity arises,

40 2c–
35

1.02
-----------=

TABLE 7.1  Arbitrage portfolio trades. 

Value in 3 Months

Trades Initial Investment  ST = 35 ST = 45

Sell call 3  0 –(45 – 40)

Buy asset –20      0.5(35) = 17.50 0.5(45) = 22.50

Sell risk-free bonds 17.16 –17.50 –17.50

Net portfolio value   0.16 0 0
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option valuation will not depend on individual risk preferences. In the absence of
costless arbitrage opportunities (as should be the case in a rationally functioning
marketplace), all individuals will agree that the fair value of the option is 2.84. 

Risk-Neutral Valuation Using a Binomial Model

In order to value the European-style call under the assumption that individuals
are risk-neutral, we need to find the “risk-neutral” probabilities of an up-step
and a down-step in our binomial model. Under risk-neutrality, the expected ter-
minal price of the asset equals its current price times one plus the risk-free rate
of interest, that is, 40(1.02). But the expected terminal asset price is also, by def-
inition, equal to 45p + 35(1 – p), where p is the probability of an up-step and 1
– p is the probability of a down-step. Equating these terms, 

40(1.02) = 45p + 35(1 – p)

and solving, the risk-neutral probability of an up-step, p, equals 58%. 
With the probabilities identified, the expected terminal value of the call may

be computed as

Expected terminal call value = 5(0.58) + 0(0.42) = 2.90

The current value of the call is the present value of the expected terminal value.
Normally, this would be the expected risk-adjusted rate of return on the call.
Under the assumption of risk-neutrality, however, the expected rate of return on
all risky assets is the risk-free rate of interest. The current call value is therefore

exactly the value computed using the risk-free hedge portfolio approach. 

Risk-Averse Valuation Using a Binomial Model

In the interest of completeness, we will now value the European-style call in our
illustration by assuming that individuals are risk-averse. This means we have to
identify the expected risk-adjusted rate of return on the underlying asset in
order to project the asset’s expected terminal price, and the expected risk-
adjusted rate of return on the call in order to discount the expected terminal
value of the call to the present.2 

2 Recall that this was the state of the option valuation literature before the publication of the
BSM model in 1973. Samuelson (1965) identified a formula for valuing a European-style call
option eight years before Black-Scholes and Merton. His formula required the expected risk-
adjusted rates of return for the call and the underlying asset. For a historical perspective on
the development of modern-day option valuation theory, see Whaley (2003).

c
2.90

1.02
----------- 2.84= =
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To identify the “risk-averse” probabilities of an up-step and a down-step,
assume that the asset’s expected rate of price appreciation over the three-month
period is 4%—a 2% risk-free return plus a 2% premium arising from individual
demands for bearing risk. Since the current asset price is 40 and its expected
return is 4%, the “risk-averse” probabilities of an up-step, p′, and of a down-
step, 1 – p′, must be

40(1.04) = 45p′ + 35(1 – p′)

The risk-averse probability of an up-step, p′, is 66%. The up-step probability
for a risk-averse individual is higher than it was for a risk-neutral individual
(assuming that the terminal asset prices in the binomial model are the same)
because the higher expected asset return in the risk-averse world must be
reflected through a higher up-step probability given that the terminal asset
prices are being held constant. With the probabilities in hand, we find the
expected terminal value of the call, that is, 

To determine the current value of the call, we now need to identify the
expected risk-adjusted rate of return for the call. In a risk-neutral world, indi-
viduals are indifferent toward risk and therefore demand the risk-free rate of
return on all assets—risky or risk-free. In a risk-averse world, however, individ-
uals are averse to risk and demand proportionally higher expected rates of
return as asset risk increases. Recall that we developed the relation between
expected return and risk tradeoff in Chapter 3. It is called the capital asset pric-
ing model (CAPM) and states that the expected rate of return of an asset is 

ES = r + (EM – r)βS (7.1)

where ES and EM are the expected rates of return for the asset and the market
portfolio, respectively, r is the risk-free of return, and βS is the asset’s “beta” risk. 

In the expected return/risk tradeoff expressed in (7.1), the asset’s beta, βS, is
the percent change in asset price with respect to a percent change in the level of
the market. Since the CAPM applies to all risky assets including call options, the
expected return for the call may be expressed as 

Ec = r + (EM – r)βc (7.2)

where the call’s beta, βc, is the percent change in call price with respect to a per-
cent change in the level of the market. Recognizing that we can multiply βS by
the percent change in call price with respect to the asset price to compute the
call’s beta, that is,

E c̃T( ) 5 0.66( ) 0 0.34( )+ 3.30= =

βc βS

dc c⁄
dS S⁄
------------- 

 =
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hence, the expected risk-adjusted rate of return of the call is 

(7.3)

Substituting the parameters from our illustration, 

0.04 = 0.02 + (EM – 0.02)βS

This means that the “market risk premium” for the asset is 

(EM – 0.02)βS = 0.02

We can also compute the percentage change in option price with respect to a
percent change in asset price using the prices from our binomial model, that is,

Substituting 0.02 for (EM – 0.02)β and

 for 

in (7.3), we get

Thus the present value of the expected terminal value of the call, 

is

or c = 2.84. Even risk-averse individuals agree that the call price should be 2.84.

Ec r EM r–( )βS

dc c⁄
dS S⁄
------------- 

 +=

dc c⁄
dS S⁄
-------------

dc

dS
------

S

c
---×

5 0–
45 35–
-------------------

40

c
------×

20

c
------= = =

20

c
------

dc c⁄
dS S⁄
-------------

Ec 0.02 0.02
20

c
------ 

 +=

c
E c̃T( )
1 Ec+
---------------=

c
3.30

1 0.02
0.40

c
-----------+ +

---------------------------------------=
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LOG-NORMAL PRICE DISTRIBUTION

The purpose of the illustration in the last section was to show the equivalence of
valuing an option using a risk-free hedge, a risk-neutral world, and a risk-averse
world. Since individual risk preferences are irrelevant, we are free to choose any
type of risk preference structure we want without losing generality. We will pro-
ceed under the assumption that all individuals are risk-neutral. This simplifies
matters considerably since all assets in a risk-neutral world are expected to have
a rate of return equal to the risk-free rate. 

The next major step in deriving an analytical model for valuing options is to
introduce a more realistic distribution for the asset price at the option’s expira-
tion. In the last section we assumed that the asset price had one of two levels at
the end of the option’s life. In this section, we assume that the terminal asset
price has a continuous distribution—specifically, a continuous log-normal distri-
bution. This distribution follows from the BSM assumption that asset prices fol-
low geometric Brownian motion.

Geometric Brownian Motion

The BSM model assumes that the price of the asset underlying the option fol-
lows a geometric Brownian motion,3 

dS = αSdt + σSdz (7.4)

What (7.4) says is that, over the next infinitesimally small interval of time dt,
the change in asset price, dS, equals an expected price increment (i.e., the prod-
uct of the instantaneous expected rate of change in asset price, α, times the cur-
rent asset price, S, times the length of the interval) plus a random increment
proportional to the instantaneous standard deviation of the rate of change in
asset price, σ, times the asset price. The term, dz, denotes an increment to a
Wiener process. For expositional convenience, we temporarily assume that the
asset pays no income. In this way, we can refer to α as the expected return
rather than the expected rate of price appreciation. At the end of this section,
we generalize the results by allowing the asset to pay a known constant continu-
ous income rate i, as we did in Chapters 4 and 6.

To gather more intuition about the assumed return process, rewrite the geo-
metric Brownian motion (7.4) in discretized form, that is,

(7.5)

where ∆t is a small discrete step in time and ε is a random drawing from a nor-
mal distribution with a mean of zero and a standard deviation equal to one.
Now, divide through by S:

3 This assumption was first introduced by Boness (1964) and Samuelson (1965) and was later
adopted in the work of Black-Scholes (1973) and Merton (1973).

S∆ αS t∆ σS t∆ ε+=
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(7.6)

What (7.6) says is that, over a discrete interval of time, the asset’s return is nor-
mally distributed with mean α∆t and standard deviation .

A problem with working with (7.6) is that asset returns, so defined, do not
aggregate correctly through time. Suppose, for example, that we set ∆t equal to
one month. Suppose that in the first month the asset price moves from its cur-
rent level of 50 to 100, and then, in the second month, reverts back to 50. The
rate of return over the first month is 100% and the second is –50%. The total
return over the two-month period is therefore 50%. Obviously this is not true.
Common sense dictates that the actual return on the asset over the 2-month
interval is 0% (i.e., we started at 50 and ended at 50).

To circumvent this problem, we work with the logarithm of asset prices. If
asset prices follow (7.4), it can be shown by Ito’s lemma (see Appendix 7A of
this chapter) that the logarithm of asset price follows

d lnS = µdt + σdz (7.7)

or, in its discretized form,

(7.8)

Now test the time aggregation property. The change in lnS (i.e., the continu-
ously compounded rate of return) in the first month is

and the return in the second month is

Over the two-month period, the continuously compounded return is the sum of
the two monthly returns or 0%, exactly the correct amount. The relation
between α, the continuously compounded mean return, and µ, the mean contin-
uously compounded return, is

(See Appendix 7B of this chapter.)
To flesh out this concept, consider a sequence of equally spaced asset prices

beginning today and continuing through the option’s expiration at time T, that is,

S∆
S
------ α t∆ σ t∆ ε+=

σ t∆

∆ Sln µ∆t σε t∆+=

100ln 50ln–
100

50
---------- 

 ln 69.31%= =

50ln 100ln–
50

100
---------- 

 ln 69.31– %= =

µ α
σ2

2
------–=
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There could be daily closing prices for the asset, for example. By (7.8), we know
that the continuously compounded daily return, , is normally distrib-
uted with mean µ and standard deviation σ, that is,

where we have defined ∆t = t – (t – 1) = 1. The definitions of µ and σ2 are  

and

respectively. The virtue of using continuously compounded returns, as discussed
in Chapter 2 and illustrated in the numerical example above, is that T-day
return is the sum of the T different daily returns, that is, 

Assuming that the mean and variance are constant through time (and that the
daily returns are independent), the mean and the variance of the returns over the
interval from 0 to T are 

(7.9)

and 

(7.10)

Log-Normal Asset Price Distribution 

Thus far, we have established that, under the BSM assumption that asset prices
follow geometric Brownian motion, the logarithmic asset return over the life of
the option is normally distributed with mean µT and standard deviation ,
that is,

S0 S̃1 S̃2 … S̃T, , , ,

S̃t S̃t 1–⁄( )ln

S̃t S̃t 1–⁄( )ln φ µ σ,( )∼

µ E S̃t S̃t 1–⁄( )ln[ ]=

σ2
Var S̃t S̃t 1–⁄( )ln[ ]=

S̃T S0⁄( )ln S̃t S̃t 1–⁄( )ln
t 1=

T

∑=

E S̃T S0⁄( )ln[ ] E S̃t S̃t 1–⁄( )ln[ ]
t 1=

T

∑ µT= =

Var S̃T S0⁄( )ln[ ] Var S̃t S̃t 1–⁄( )ln[ ]
t 1=

T

∑ σ2
T= =

σ T
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(7.11)

Thus, the logarithm of the terminal asset price is normally distributed with
mean lnS + µT and standard deviation , that is,

(7.12)

Since  is normally distributed, it can be shown that  is log-normally dis-
tributed with mean

(7.13)

and variance, 

(7.14)

where α is the continuously compounded expected return of the asset.
Figure 7.2 illustrates the normal distribution of the continuously com-

pounded returns, ln(ST/S). The mean of the distribution is µT and its standard
deviation is . The returns range from –∞ to +∞ and are symmetric around
the mean. Figure 7.3 illustrates the log-normal distribution of the terminal asset
price, ST. The mean of the distribution is SeαT and its standard deviation is

FIGURE 7.2 Normal distribution of continuous asset returns.  

S̃T S⁄( )ln S̃Tln S φ µT σ T,( )∼ln–=

σ T

S̃T φ S µ+ln T σ T,( )∼ln

S̃Tln S̃T

E S̃T( ) Se
αT=

Var S̃T( ) S
2
e

2αT
e

σ2
T

1–( )=

σ T

S
2
e

2αT
e

σ2
T

1–( )

–∞ +∞
Continuous return, ln(S

T 
/S)

Mean: 
Standard deviation: 

Tµ

σ T
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FIGURE 7.3 Log-normal distribution of asset prices. 

The log-normal price distribution is bounded from below by 0. This is an
appealing characteristic since asset prices are always positive.4 At the other end
of the distribution, we see that asset prices can rise without limit. Finally, the
relation between µ and σ is sometimes confusing. To clearly distinguish between
the two concepts, note that the former is the mean of the continuously com-
pounded return,

while the latter is the continuously compounded mean return,

The relation between the two quantities is µ = α – σ2/2, as noted earlier. The
only circumstance under which µ and α are equal is when the continuously com-
pounded asset returns are the same each period, that is, there is no rate of return
variability.  

4 In contrast, if we had assumed asset prices were normally distributed, there would be some
chance that the asset price would go below zero.

0 +∞
Terminal asset price: S

T

Mean: 
Standard Deviation: 

S
Tα

S e e
T T2 2

2 1
2

α σ
( )−

µ
E S̃T S⁄( )ln[ ]

T
--------------------------------=

α
E S̃T S⁄( )[ ]ln

T
--------------------------------=
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ILLUSTRATION 7.1 Compute expected asset price, variance of the asset price, and  95% confi-
dence interval5 on asset price in three months, given current asset price and mean and 
variance of the continuously compounded asset returns.

Suppose that the current asset price is 50, and the mean and the standard deviation of the
continuously compounded asset returns are 16% and 20%, respectively, on an annual-
ized basis. Compute the expected asset price, , in three months. Also, compute a
95% confidence interval of the terminal asset price in three months.

To compute the expected asset price, first compute the continuously compounded
expected return of the asset. This is done as follows:

Next, we take the continuously compounded expected rate of return and the current
asset price to find the expected asset price in three months, that is,

The variance of the asset price is computed as follows:

Turning to the confidence interval, since the continuously compounded asset return
is normally distributed, a 95% interval translates to plus or minus 1.96 standard devia-
tions from the mean. The lower and upper bounds on the  are

Substituting the problem parameters,

or

In turn, this is equivalent to

Note that the 95% confidence interval is not symmetric around the expected terminal
asset price, 52.301. Since asset return is normally distributed, asset price is log-normally
distributed.

Computing Probabilities Given Threshold Asset Prices 

With the relations between the parameters of the normally distributed continu-
ously compounded asset returns and the log-normally distributed asset prices in
hand, we now turn to applying the relations to answer important questions
regarding terminal asset prices. Suppose, for example, we are interested in deter-
mining the probability that the asset price will exceed (or be below) a threshold

5 Confidence intervals are discussed at length in Appendix A, “Elementary Statistics,” of this
book.

E S̃T( )

α µ σ2+ 2⁄ 0.16 0.20
2+ 2⁄ 0.18= = =

E S̃T( ) Se
αT

50e
0.18 3 12⁄( )

52.301= = =

Var S̃T( ) S
2
e

2αT
e

σ2
T

1–( ) 50
2
e

2 0.18( ) 3 12⁄( )
e

0.20
2

3 12⁄( )
1–( ) 27.492= = =

S̃Tln

Sln µT 1.96σ T–+ S̃Tln Sln µT 1.96σ T+ +< <

50 0.16 3 12⁄( ) 1.96 0.20( ) 3 12⁄–+ln S̃Tln 50 0.16 3 12⁄( ) 1.96 0.20( ) 3 12⁄+ +ln< <

3.756 S̃Tln 4.148< <

e
3.756

42.778 ST 63.309< < e
4.148= =
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level, X, at time T and are given the mean and the standard deviation of the con-
tinuously compounded returns. How can we use the mechanics that we have just
developed to compute this probability?

To answer this question, we begin by rewriting (7.11) as 

(7.15)

where z is normally distributed with mean 0 and variance 1, that is, z ∼ φ(0,1).
We know a great deal about the properties of z,6 including the fact that its den-
sity function is

(7.16)

The probability that a drawing from the unit normal distribution will produce a
value less than the constant, a, may be obtained by integrating over the range of
the density function from –∞ to a, that is,

(7.17)

Given a value of a, the integration can be handled in a number of ways. First, it
is common for statistics books to tabulate values of the probability N(a). Such
tables are provided in Tables C-1a and 1b in Appendix C, Statistical Tables, of
this book. Algorithms have also been devised to approximate N(a) with remark-
able precision. Such an algorithm is provided in Appendix 7C of this chapter
and the algorithm is programmed as function OV_PROB_PRUN in the
OPTVAL Function Library. The function OV_PROB_PRUN_INV returns the
inverse of the cumulative normal density function (i.e., the upper integral limit a
for a given probability.7 These Excel spreadsheets illustrate this:   

6 The properties of the normal distribution are provided in Appendix A, “Elementary Statis-
tics,” of this book.
7 For those expert in Microsoft Excel, the statistical function NORMSDIST can be used to find
N(a) given a, and the function NORMSINV can be used to find a given N(a).

z
ST S⁄( ) µT–ln

σ T
-------------------------------------=

n z( )
1

2π
-----------e z

2– 2⁄=

Pr z̃ a<( )
1

2π
-----------e z

2– 2⁄
zd

∞–

a

∫=

N a( )=
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Note that the function calls are not sensitive to the case of the letters.
Returning now to the problem of evaluating Pr(ST > X), note that, if ST < X, 

since the same transformations are being applied to each side of the inequality.
If we define a as

(7.18)

and recall that the definition of z is given by (7.15), it is apparent that the proba-
bility that the asset price will fall below X at time T, that is, Pr(ST < X) = Pr(z < a)
= N(a).

Unfortunately, we have answered the wrong question. What we wanted to
know is the probability that the asset price will exceed X at time T. Intuitively,
we know the answer must be 1 – N(a). The probability that the asset price will
exceed X must be equal to one minus the probability that the asset price will fall
below X. So, one useful property of the unit normally distributed variable z is
Pr(z ≥ a) = 1 – Pr(z < a). A second is that, since the unit normal distribution is
symmetric around 0, the probability of drawing a value less than a equals one
minus the probability of drawing a value less than –a, that is, 

N(a) = 1 – N(–a) (7.19)

For reasons that will become readily apparent when we turn to call option
valuation, it is more common to use an expression for the integral limit that
captures the Pr(ST > X) in a single step. To accomplish this task, we define the
integral limit d to be

(7.20)

Under this definition, 

ST S⁄( ) µT–ln

σ T
-------------------------------------

X S⁄( ) µT–ln
σ T

-----------------------------------<

a
X S⁄( ) µT–ln

σ T
-----------------------------------

X Se
µT⁄( )ln

σ T
-------------------------------= =

d a–
X Se

µT⁄( )ln
σ T

-------------------------------–
Se

µT
X⁄( )ln

σ T
-------------------------------= = =
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Pr(ST > X) = N(d) (7.21a)

and 

Pr(ST < X) = N(–d) (7.21b)

ILLUSTRATION 7.2 Compute probability that asset price will exceed fixed level at future date.

Suppose that the current asset price is 50, and the mean and the standard deviation of the
continuously compounded asset returns are 16% and 20%, respectively, on an annualized
basis. Compute the probability that the asset price will exceed 60 at the end of three months.  

First, transform the log-normal terminal price to a unit normal variable value using
(7.20), that is, 

Recall that, since the rates are quoted on an annualized basis, time must be measured in
years.

Second, substitute the value of d into the cumulative normal density function, N(d), and
compute the probability. Using the OV_PROB_PRUN function,

Pr(ST ≥ 60) = Pr(z < –1.423) = N(–1.423) = 0.077

In practice, it is more common to use the continuously compounded mean
return, α, in place of the mean of the continuously compounded return, µ, when
working with option valuation concepts. The necessary transformations to the
integral limits when computing probabilities are straightforward. Recall that
earlier in the chapter we showed that µ = α – 0.5σ2. Substituting for µ in equa-
tion (7.20), the upper integral limit becomes

(7.22)

and the probabilities that the asset price will exceed or be below the threshold
level X are

Pr(ST > X) = N(d) (7.23a)

and 

Pr(ST < X) = N(–d) (7.23b)

respectively.

d
Se

µT
ST⁄( )ln

σ T
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50e
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60⁄( )ln
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----------------------------------------------------- 1.423–= = =

d
S X⁄( ) α 0.5σ2–( )T+ln

σ T
--------------------------------------------------------------
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αT

T⁄( ) 0.5σ2
T–ln

σ T
--------------------------------------------------------= =
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ILLUSTRATION 7.3 Compute probability that asset price will exceed fixed level at future date.

Suppose that an asset price has a current price of 50, an expected rate of return of 18%,
and a volatility rate of 20%. (In practice, an asset’s volatility rate refers to the standard
deviation of the continuously compounded asset returns. Compute the probability that
the asset price will exceed 60 at the end of three months.

First, transform the log-normal terminal price to a unit normal variable value using
(7.22), that is, 

Second, substitute the value of d into the cumulative normal density function, N(d), and
compute the probability. Using the OV_PROB_PRUN function

Pr(ST > 60) = N(z < –1.423) = 0.077

Alternatively, the OPTVAL Library has a function to compute the value of the probabil-
ity directly. Its syntax is 

OV_OPTION_ASSET_PROB(s, x, t, alpha, v, ab)

where s is the asset price, x is the threshold level, t is the time to the threshold level,
alpha is the expected rate of appreciation in the asset price, v is the volatility rate, and ab
is an indicator variable set equal to “a” if the asset price must be above the threshold
price at the end of the period or “b” if the asset price must be below. The function is
called in the following spreadsheet: 

Thus far we have focused on assets whose only form of return is price
appreciation. To generalize the results to handle assets that pay a known con-
stant continuous rate of income i (such as dividend yield), let α be the expected
rate of price appreciation on the asset. Under this definition, the asset’s total
expected return equals α + i. The upper integral limit d remains as defined in
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(7.22). The probability that the asset price will exceed the threshold level X at
time T is (7.23a), and the probability that it will be less is (7.23b).

ILLUSTRATION 7.4 Compute probability that asset price will exceed (be below) fixed level at 
future date where asset generates income at constant rate.

Suppose that an asset has a current price of 50, an expected rate of return of 18%, an
income rate of 4%, and a volatility rate of 20%. Compute the probability that the asset
price will exceed 60 at the end of three months.  

First, note that the expected rate of price appreciation for the asset α equals its expected
total return less the income rate, that is, 18 – 4 = 14%. This implies that the probability is
less than that in Illustration 7.3 since the asset is not appreciating in value quite as quickly.

Second, transform the log-normal terminal price to a unit normal variable value
using (7.21a), that is, 

Finally, substitute the value of d into the cumulative normal density function, N(d),
and compute the probability. Using the OV_PROB_PRUN function,

Pr(ST > 60) = N(z < –1.523) = 0.064

As expected, the probability that the asset price will exceed 60 by the end of three
months is reduced from 7.7% in Illustration 7.3 to 6.4% in this illustration. The follow-
ing spreadsheet verifies the computations.

Value-at-Risk Finally, in many finance applications, we are interested in deter-
mining a critical asset price for a given probability. One such application is
Value-at-Risk or simply VAR. VAR measures the maximum dollar loss we can
expect to incur over the given period of time at a particular confidence level.8

VAR has two forms. The most common form is VAR is maximum dollar loss rel-
ative to the mean; that is, we want to compute the maximum dollar loss assum-

8 Value-at-risk is discussed in greater detail in Appendix A, “Elementary Statistics,” of this
book.
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ing the asset will appreciate at its expected rate. A less used, albeit informative,
measure of VAR is compute maximum absolute dollar loss relative to the cur-
rent asset value (i.e., relative to a mean appreciation rate of 0). 

Assuming the asset or portfolio of assets has a log-normal price distribution,
the mechanics of this section can be easily adapted to handle both of these VAR com-
putations. The only subtlety is that in place of using OV_OPTION_ASSET_PROB
to compute the probability that the asset price will be below a critical price at the
end of a given period, we use OV_OPTION_ASSET_PROB_INV to compute a
critical price below end-of-period asset price has a fixed probability of occurrence.

ILLUSTRATION 7.5 Compute maximum dollar loss expected over given period of time at par-
ticular confidence level.

Suppose you hold $10 million worth of a security. It has a current price of 50, an
expected rate of return of 18%, an income rate of 4%, and a volatility rate of 20%.
Compute the value-at-risk over the week at the 5% level.

To compute this value by hand, start by computing the inverse of the standard normal
probability using OV_PROB_PRUN_INV and a probability of 0.05. Its value is –1.645. 

Next, compute the level of X that satisfies equation (7.21b), that is,

The level of X that satisfies the equation is X = 47.881. Thus, we are 95% confident that
the asset price will be above 47.881 at the end of a week or, equivalently, the value of
your portfolio holding will be above $9,576,122. The VAR relative to the mean over a
week at the 5% probability level is $423,878.

The VAR relative to 0 is computed in a similar fashion, except that we set the
expected rate of price appreciation to 0, that is, α = 0. The value of X that satisfies

is 47.752 and the maximum absolute dollar loss over a week at the 5% probability level
is $449,625.

The OPTVAL Library has a function to compute the critical asset price given a level
of probability. Its syntax is 

OV_OPTION_ASSET_PROB_INV(s, t, alpha, v, ab, prob)

where s is the asset price, t is the time to the threshold level, alpha is the expected rate of
appreciation in the asset price, v is the volatility rate, ab is an indicator variable set equal to
“a” if the asset price must be above the threshold price at the end of the period or “b” if
the asset price must be below, and prob is the assigned probability level. The function illus-
trated in the spreadsheet below computes the VAR relative to the mean. To compute VAR
relative to 0, we simply set the expected return and the income rates equal to 0.
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Computing Conditional Expected Asset Prices

The relations between the parameters of the normally distributed continuously
compounded returns and the log-normally distributed asset prices also allow us to
develop some convenient expressions for conditional expected asset prices. From
(7.13), we know that the unconditional expected price of the asset at time T is

But suppose that we are interested in knowing the expected asset price condi-
tional upon the asset price being greater than a threshold level X.

Under the assumption that asset price is log-normally distributed at time T,
it can be shown that the expected asset price conditional on the asset price being
greater than the threshold level at time T is

(7.24)

where

(7.24a)

and 

E S̃T( ) Se
αT=

E S̃T ST X>( ) Se
αT

N d1( )

N d2( )
----------------=

d1

Se
αT

X⁄( ) 0.5σ2
T+ln

σ T
---------------------------------------------------------=



220 OPTION VALUATION

9 (7.24b)

The expected asset price conditional on the asset price being less than the
threshold level at time T is

(7.25)

Finally, to reconcile that the difference between the conditional expected asset
prices,  and , and the unconditional expected asset
price, , recognize that, when evaluating the conditional expected values, the
relevant probability distributions are the areas under the log-normal distribution
above and below the threshold asset price, whereas, when evaluating an uncondi-
tional expected value, the relevant probability distribution is the entire area under
the log-normal distribution. To compute the unconditional expected asset price
from the conditional expected price expressions, we must weight each conditional
expected price by the probability of its occurrence, that is,

(7.26)

Each expected conditional asset price weighted by its probability is called the
partial expectation of the asset price being above or below X.

ILLUSTRATION 7.6 Compute expected asset conditional on asset price being above or below 
threshold price at future date.

Suppose that an asset has a current price of 50, an expected rate of return of 18%, and
an income rate of 4%. Also, continue to assume that the standard deviation of the con-
tinuously compounded asset returns is 20%. Compute (1) the expected asset price at the
end of three months; (2) the expected asset price conditional on the asset price exceed 60
at the end of three months; and (3) the expected asset price conditional on the asset price
being below 60 at the end of three months. Using the probabilities computed in Illustra-
tion 7.4, show the numerical relation between the unconditional and conditional
expected terminal asset prices.

The expected asset price in three months can be computed straightforwardly:

9 Note that there is a subtle difference in the definitions of d1 and d2. Note also that d2 is the
same as d in (7.23a). Thus, N(d2) = Pr(ST > X).
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The expected asset price conditional on the asset price exceeding 60 in three months is

where 

and 

and the expected asset price conditional on the asset price being below 60 in three
months is

These computations can be verified using the OPTVAL function, 

OV_OPTION_ASSET_EV(s, x, t, alpha, v, ab),

where s is the asset price, x is the threshold level, t is the time to the threshold level,
alpha is the expected rate of appreciation in the asset price, v is the volatility rate, and ab
is an indicator variable set equal to “a” if the asset price must be above the threshold
price at the end of the period or “b” if the asset price must be below. The function is
called in the following spreadsheet: 
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The relation between the unconditional and conditional expected terminal asset
prices is

Conditional Value-at-Risk Conditional asset prices are often used in assessing the
risk profiles of assets and portfolios of assets. Conditional value-at-risk (CVAR)
or tail VAR is the expected loss conditional10 on a particular level of asset price.
In computing VAR, for example, we computed the critical price below which
there was a 5% chance that the asset price at time T was below the critical price.
Suppose we ask the question, “Assuming the asset price is below the critical
price at time T, what is the expected loss?” This is the definition of CVAR and,
assuming the asset price is log-normally distributed, we can compute its value
straightforwardly using (7.25) or (7.26). 

ILLUSTRATION 7.7 Compute tail value-at-risk of security position over planned horizon.

Suppose you hold $10 million worth of a security. It has a current price of 50, an
expected rate of return of 18%, an income rate of 4%, and a volatility rate of 20%.
Compute the 5% tail VAR (CVAR) of your portfolio over the next week.

The first step in computing the tail VAR or CVAR is to compute the critical asset
price. We did this in Illustration 7.5. At the 5% probability level, the maximum loss
expected over the next at the 5% level is $47.881.

Next, we compute the expected asset price conditional on the asset price being
below 47.881 in a week. From (7.25), we know

where 

and

These computations can be verified using the OPTVAL function, 

OV_OPTION_ASSET_EV(s, x, t, alpha, v, ab)

The 5% tail VAR is computed as

10 Conditional value-at-risk is also called mean excess loss and mean shortfall.
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Summary

This section contains the mechanics for working with an asset price distribution
that is log-normally distributed at some future time T. The required parameters
in the computation of the probabilities, unconditional and conditional expected
values, and confidence intervals are the current asset price, the expected rate of
asset price appreciation, and the standard deviation of the continuously com-
pounded asset returns. Table 7.2 contains a summary of the important relations
developed in this section. The two panels in the table correspond to risk-averse
and risk-neutral investors. Depending upon the application in the remaining
part of this chapter or a later chapter, we use one set of results or the other.
Note that the structural form of the expressions for the different investors is the
same, except for the rate of price appreciation. In a risk-averse world, the
expected rate of price appreciation is α, and the asset’s total expected return is α
+ i. In a risk-neutral world, the expected rate of price appreciation is b, and the
asset’s total expected return is b + i = r – i + i = r or the risk-free interest rate.

TABLE 7.2  Summary of expressions for evaluating probabilities and conditional expected 
values.

Risk-Averse (or “Real World”) Investors
 (αααα is expected rate of price appreciation on asseta)

Unconditional expected asset price  

Probability of asset price being 
above or below threshold level X

Pr(ST > X) = N(d2)  and  Pr(ST < X) = N(–d2)

Expected asset price conditional 
on threshold price X

and 

95% confidence interval for termi-
nal asset price  

Integral limits

and 

Unconditional expected asset price

Probability of asset price being above 
or below threshold level X

Pr(ST > X) = N(d2)  and  Pr(ST < X) = N(–d2)
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TABLE 7.2     (Continued)

a Note that all of the expressions in the table depend upon the asset expected rate of price ap-
preciation not its expected return. If the asset pays a known constant income rate i, the asset’s
expected return is α + i in a risk-averse world and b + i = r – i + i = r in a risk-neutral world.

VALUING A EUROPEAN-STYLE CALL OPTION

We now turn to valuing European-style call options. The valuation approach is
“traditional” in the sense that we compute the theoretical value of the call by
taking the present value of its expected terminal value.11 The first order of busi-
ness is to value a call option under the assumption that investors are risk-averse.
The resulting valuation equation, called the “Samuelson (1965) formula,” proves
to be tractable analytically but difficult to implement. Next we value the call
under the assumption that investors are risk-neutral. The risk-neutral option val-
uation formula manages to circumvent the estimation problems of the Samuelson
formula and has been dubbed the “Black-Scholes (1973)/Merton(1973) for-
mula.” It is general in its nature and contains a host of special cases.

The Samuelson Formula

In a world with risk-averse investors, the value of a European-style call option is
simply 

(7.27)

Risk-Neutral Investors

 (b is expected rate of price appreciation on asseta)

Expected asset price conditional on 
threshold price X

and 

95% confidence interval for terminal 
asset price  

Integral limits

and 

11 Appendix 7D of this chapter contains the continuous-time, risk-free hedge development of the
BSM model.
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where c is the value of the call, αc is the expected risk-adjusted rate of return on
the call over its life, and  is the expected terminal value of the call. To esti-
mate , consider the call’s terminal price distribution, that is, 

(7.28)

Expression (7.28) shows that the terminal call price distribution is truncated
from below. Based on this truncated distribution, the expected value of  may
be written 

(7.29)

Since the call expires worthless if the asset price is below the exercise price at
expiration, the region of the asset price distribution in which the asset price is
below the exercise price has no influence in the determination of . Instead,
the expected terminal call value depends only on the product of the expected
difference between the asset price and the exercise price conditional on the asset
price exceeding the exercise price at the option’s expiration, ,
and the probability that the asset price will exceed the exercise price at expira-
tion, Pr(ST ≥ X). 

Expression (7.29) is useful to the extent that it clearly identifies what drives
the expected terminal value of the call. As it stands, however, it cannot be imple-
mented. In order to develop a formula or valuation methodology for computing

, we must invoke an assumption regarding the shape of the price distribu-
tion for the asset underlying the options. Here is where we insert the assumption
that the asset price is log-normally distributed at the option’s expiration. Substi-
tuting (7.24) and (7.23a) from the previous section into (7.29),
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(7.30b)

and the subscript “S” has been added to the expected rate of price appreciation
of the underlying asset to clearly distinguish it from the expected rate of return
on the call, αc. Substituting (7.30) into (7.27), the current value of a European-
style call option is

(7.31)

Presented in this way, the intuition underlying the structure of the Euro-
pean-style call option formula is straightforward. The term

is the present value of the expected benefit of exercising the call option at expi-
ration conditional on the terminal asset price being greater than the exercise
price at the option’s expiration times the probability that the option will be in
the money. The term, N(d2), is the probability that the asset price will be greater
than the exercise price at expiration. Therefore the term

is the present value of the cost of exercising the call times the probability the
option will be in the money.

As simple and elegant as the Samuelson formula (7.31) appears, it is not
very useful. To implement the formula requires estimates of the risk-adjusted
rates of price appreciation for both the asset and the call option. The estimation
of these values is difficult. In the case of the call, estimation is particularly trou-
blesome because the expected return of the call depends not only on the
expected rate of price appreciation of the asset but also the passage of time.

The Black-Scholes/Merton Formula

In the first section of this chapter, we showed that, because a risk-free hedge can
be formed between an option and its underlying asset, the value of an option
does not depend on risk preferences. An risk-averse investor will value an option
at the same level as a risk-neutral investor. In a risk-neutral world, the expected
return of all assets and options is the risk-free rate of interest. The expected rate
of price appreciation on an asset that pays income at rate i is therefore α = b(= r
– i), and the expected rate of return on the call is αc = r. Making these substitu-
tions into (7.31), we find that the value of a European-style call is 
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(7.32)

where

(7.32a)

and

(7.32b)

This formula is commonly referred to as the BSM formula. Its terms may be
interpreted in the same way as the terms of the Samuelson formula. We must be
carefully to distinguish the nature of the probabilities, however. In the Samuel-
son formula, “risk-averse” (or so-called “real-world”) probabilities are used. In
the BSM, “risk-neutral” probabilities are used. It is also worthwhile to note
that, because b ≡ r – i, the BSM formula is often written

(7.33)

where

(7.33a)

and

(7.33b)

The European-style call formula (7.32), as we have presented it, is a general-
ized version of the BSM formula. It covers call option valuation for a broad
range of underlying asset including nondividend-paying stocks, stock indexes,
foreign currencies, and futures. The distinction between the different valuation
problems rests only in the asset’s risk-neutral price appreciation parameter, b.

Nondividend-Paying Stock Options The most well-known option valuation problem is
that of valuing options on nondividend-paying stocks. This is, in fact, the valua-
tion problem addressed by Black and Scholes (1973). With no dividends paid on
the underlying stock, the expected risk-neutral rate of price appreciation of the
stock equals the risk-free rate of interest (i.e., b = r) and the call option valua-
tion equation becomes the familiar “Black/Scholes formula,”
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(7.34)

where

 and 

Constant-Dividend-Yield Stock Options Merton (1973) generalizes stock option valua-
tion by assuming that the underlying stock or stock index pays dividends at a con-
stant, continuous rate, δ. In such a case, the expected risk-neutral rate of price
appreciation of the stock equals the risk-free rate of interest less the dividend yield
rate (i.e., b = r – δ ). Substituting into (7.32), we get the “Merton model:”

c = Se–δTN(d1) – Xe–rTN(d2) (7.35)

where

 and 

Foreign Currency Options Garman and Kohlhagen (1983) and Biger and Hull (1983)
value European-style options on a foreign currency. The expected risk-neutral rate
of price appreciation for a currency equals the domestic rate of interest less the for-
eign rate of interest (i.e., b = rd – rf). The valuation formula for a European-style
call on a foreign currency is therefore

(7.36)

where

 and 

Futures Options Black (1976) values options on futures. In a risk-neutral world,
the expected rate of price appreciation on a futures contract is zero. Substituting
b = 0 and F = S, we get what is commonly known in the futures industry as the
“Black model.”

c = e–rT[FN(d1) – XN(d2)] (7.37)
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 and 

Futures-Style Futures Options Following the work of Black, Asay (1982) values
futures-style futures options. Such options trade on a number of exchanges
including London International Financial Futures Exchange (LIFFE) and the
Sydney Futures Exchange (SFE) and have the distinguishing feature that the
option premium is not paid up front. Instead, the option position is marked-to-
market in the same manner as the underlying futures. To value this option in a
risk-neutral world, we not only set b = 0 inside the squared brackets to reflect
the zero expected rate of price appreciation on the futures but also set r = 0 out-
side the squared brackets because an option requiring zero investment up-front
must have a zero expected rate of return. The resulting formula is called the
“Asay model,”

c = FN(d1) – XN(d2) (7.38)

where

 and 

Equivalence of Alternative Expressions for d1 and d2 In the valuation equations starting
at the BSM formula (7.32) and ending with the Asay formula (7.38), there
appear to be different expressions for the integral limits d1 and d2. While these
expressions appear different, they are not; they are exactly the same. We simply
use different notation in each problem to emphasize the economic determinants
of each different option valuation problem. The general expressions are

 and 

where M is the degree to which the option is expected to be in or out of the
money at expiration (i.e., the option’s so-called moneyness). Thus M equals the
ratio of the forward price of the asset to the option’s exercise price. But the for-
ward price may, in turn, be expressed in terms of the asset price using net cost of
carry relation, F = SebT. Thus we have

lnM = ln(F/X) = ln(SebT/X)

In the above expression, the terms in parentheses are values at time T, when the
option expires. It probably makes the most sense to use these expressions to
remind ourselves that the option valuation probabilities are assess the likelihood
that the asset price is above or below X at time T. Nonetheless many people
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choose to write the option’s moneyness in terms of present values. Since both F
and X are terms known today, we can discount these future values to the present
at the risk-free rate of interest. Thus we can add two more expressions for mon-
eyness to the list—all of them equivalent,

lnM = ln(F/X) = ln(SebT/X) = ln(Fe–rT/Xe–rT) = ln(Se(b–r)T/Xe–rT)

It is also worthwhile to note that expression for d1 is also sometimes written,

This expression, too, is equivalent to the others. Note that we can rearrange
terms in the numerator in the following manner:

While all of these equivalent expressions may seem confusing, our discussion
here is motivated by the fact that there appears to be no standard expressions
across research publications and books on derivatives securities. Through the
remainder of the book, we use either

 or 

depending of which expression provides the fewest numerical computations in
valuing an option.

ILLUSTRATION 7.8 Find value of European-style call written on stock index.

Compute the value of a European-style call option written on a stock index, where the call
has an exercise price of 50 and a time to expiration of three months. Assume the index has
a level of 49, a dividend yield of 2%, and a volatility rate of 20%. The risk-free rate is 5%.
Also compute the European-style call assuming that it is written on a futures contract on
the stock index, and that the futures has three months remaining to expiration. 

To value the call on the index, let us use the prepaid version of moneyness in the
computation of d1 and d2. First, compute the prepaid values of the forward and the exer-
cise price, that is, 

Fe–rT = Se–iT = 49e–0.02(0.25) = 48.756 and Xe–rT = 50e–0.05(0.25) = 49.379

Next, substitute these values into the expressions for the integral limits,
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Next, compute the cumulative normal probabilities using the OV_PROB_PRUN function
from the OPTVAL Function Library. The risk-neutral probabilities are 

N(–0.0770) = 0.4693 and N(–0.1770) = 0.4297

Finally, substitute into the call option valuation formula (7.35) and compute the
option value,

c = 48.756(0.4693) – 49.379(0.4297) = 1.661

The OPTVAL Function Library contains a number of functions that can assist you
with the European-style option valuation computations. To compute the integral limits,
d1 and d2, for example, you can use

OV_OPTION_D(s, x, t, r, i, v, n)

where s is the underlying asset prices, x is the exercise price of option, t is the option’s
time remaining to expiration, r is the risk-free interest rate, i is the income rate, v is the
volatility rate, and n is “1” or “2”, depending on whether you want the value of d1 or d2,
respectively. Substituting the problem parameters, you get

OV_OPTION_D(49, 50, 0.25, 0.05, 0.02, 0.20, 1) = –0.0770

and

OV_OPTION_D(49, 50, 0.25, 0.05, 0.02, 0.20, 2) = –0.1770

The Library also contains functions to perform the probability computations, that is,

OV_OPTION_ND(49, 50, 0.25, 0.05, 0.02, 0.20, 1) = 0.4693

and

OV_OPTION_ND(49, 50, 0.25, 0.05, 0.02, 0.20, 2) = 0.4297

Finally, the option value can be computed directly using 

OV_OPTION_VALUE(s, x, t, r, i, v, cp, ae)

where all notation is defined above, except for cp, which is set “c” for call and “p” for
put, and ae, which is set “a” for American-style option and “e” for European-style
option. Thus

OV_OPTION_VALUE(49, 50, 0.25, 0.05, 0.02, 0.20, “c”, “e”) = 1.661

To compute the value of the call option written on the stock index futures, we follow
the same steps. 

To value the call on the index, let us use the forward price version of moneyness in
the computation of d1 and d2. First, compute the forward price, that is, 

F = Se(r–i)T = 49e(0.05–0.02)0.25 = 49.369

Substitute these values into the expressions for the integral limits, d1 and d2, that is,
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Because the integral limits are the same, so are the probabilities: 

N(–0.0770) = 0.4693 and N(–0.1770) = 0.4297

Finally, substitute into the call option valuation formula (7.37) and compute the option
value,

The OPTVAL Function Library contains parallel functions for the valuation of futures
options. The value of the call option, for example, is

OV_FOPTION_VALUE(49, 50, 0.25, 0.05, 0.20, “c”, “e”) = 1.661

All-or-Nothing Options Interestingly, even through a standard European-style call
option is considered to be the simplest of all options, it can be viewed as a port-
folio of two more basic options—long an asset-or-nothing call option and short
a cash-or-nothing call option. An asset-or-nothing call pays the asset price at
time T if the asset price exceeds some predefined level, call it X.12 A cash-or-
nothing call pays a fixed amount of cash, CASH, if the asset price exceeds X.
Under the assumptions of risk-neutral individuals and log-normally distributed
asset prices, the value of an asset-or-nothing call is 

(7.39)

that is, the first term on the right-hand side of (7.33). Assuming CASH = X , the
value of a cash-or-nothing call is 

cCON = Xe–rTN(d2) (7.40)

that is, the second term on the right-hand side of (7.33). Therefore a standard
European-style call is nothing more than a portfolio that consists of buying an
asset-or-nothing call and selling a cash-or-nothing call.

VALUING A EUROPEAN-STYLE PUT OPTION

Valuing a European-style put under risk-neutrality follows straightforwardly
from valuing the call. In the absence of costless arbitrage opportunities in the
marketplace, we know that

12  Asset-or-nothing and cash-or-nothing options are commonly referred to as “binary” or
“digital” options and, in spite of their simplicity, are generally categorized under the heading
“nonstandard options.” Nonstandard options are the primary focus of Chapter 8.
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c – p = Se–iT – Xe–rT (7.41)

by virtue of put-call parity price relation from Chapter 6. If we isolate p and
substitute the call option formula (7.33), we get

(7.42)

As in the case of the European-style call formula, the structure of the Euro-
pean-style put formula lends itself to straightforward interpretation. The term,
Xe–rTN(–d2), is the present value of the expected benefit of exercising the put
option at expiration conditional upon the terminal asset price being less than
the exercise price times the risk-neutral probability that the option will be in the
money at expiration. Recall the put option provides the right to sell the asset so
the benefit from holding the option is the cash we receive when we exercise the
option, that is, X. N(–d2) is the risk-neutral probability that the asset price will
be less than the exercise price at expiration. Note that it is the complement of
N(d2), the risk-neutral probability that the terminal asset price will exceed the
exercise price. The present value of the expected cost of exercising the put
option conditional upon the put option being in-the-money at expiration is Se–

iTN(–d1). If we exercise the put, we must forfeit the asset as fulfillment of your
obligation, so the present value of the expected terminal asset price conditional
upon exercise times the probability that the option expires in the money is your
cost today.

Also, as in the case of the standard European-style call, the value of a stan-
dard put may be considered to be the value of a portfolio of more basic options.
This time the portfolio consists of buying a cash-or-nothing put and selling an
asset-or-nothing put. A cash-or-nothing put pays a fixed amount of cash, CASH,
if the asset price is below the pre-specified level X. Under the assumptions of
risk-neutral individuals and log-normally distributed asset prices, the value of a
cash-or-nothing put where CASH = X is

pCON = Xe–rTN(–d2) (7.43)

The value of an asset-or-nothing put is 

pAON = Se–iTN(–d1) (7.44)

Taking the difference in values, we get the put formula (7.42).

ILLUSTRATION 7.9 Find value of European-style put written on stock index.

Compute the value of a three-month European-style stock index put option with an exer-
cise price of 50. Assume the index has a level of 49, a dividend yield of 2%, and a volatil-
ity rate of 20%. The risk-free rate is 5%.
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First, note that d1 and d2 are the same as in Illustration 7.4; d1 = –0.0770, and d2 =
–0.1770. Second, compute the cumulative normal probabilities, 

N(0.0770) = 0.5307 and N(0.1770) = 0.5703

Finally, gather the terms and compute the option value.

p = 50e–0.05(0.25)(0.5703) – 49e–0.02(0.25)(0.5307) = 2.284

All computations can be verified using appropriate OPTVAL functions. The function call
for the valuation of the index put, for example, is illustrated below.

MEASURING RISK OF EUROPEAN-STYLE OPTIONS

“Greeks” is a term used in industry to characterize the risks of an option, that
is, the option value’s sensitivity to unexpected movements in its underlying
determinants. The primary purpose of the Greeks is for dynamic risk manage-
ment. Before examining some dynamic risk management problems, however, we
develop formulas for the different risk measures.13

From the last section, we know that the European-style call and put formu-
las are

(7.33)

and

(7.42)

where 

13 Appendix 7E of this chapter derives the Greeks from basic principles. Only the final expres-
sion is shown in the text of this chapter.
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 and 

On the right-hand side of the valuation equations are six underlying determinants
(i.e., S, X, r, i, s, and T). The exercise price is constant. We are interested in know-
ing how the option value changes as each of the remaining five determinants
changes. Because the European-style call and put values are expressed as formu-
las, we can take partial derivatives of the formulas to determine the Greeks. After
showing the expression for each partial derivative, we give a numerical example. 

All of the examples are for hypothetical stock index options. The current
index level is 49, its dividend yield of 2%, and its volatility rate of 20%. The
call and put option share a common exercise price, 50, and a common time to
expiration, three months. The risk-free rate of interest is 5%.

Delta: Change in Asset Price

The change in the call option value with respect to a change in the asset price is
called the option’s delta. The delta of a European-style call option is 

(7.45a)

The call’s delta is positive in sign since both the discount factor and the proba-
bility are positive. The implication of the delta being positive is that an increase
in asset price will cause the call price to rise. This makes sense since the call
option is the right to buy the underlying asset at a fixed price. The higher the
asset price, the higher the call value.

 Figure 7.4 shows the change in European-style call value (i.e., the call’s
delta) as a function of the asset price. Notice that when the call option is out-of-

d1

Se
r i–( )T

X⁄( )ln 0.5σ2
T+

σ T
-----------------------------------------------------------------= d2 d1 σ T–=

∆c

∂c

∂S
------ e

iT–
N d1( )= = 0>

FIGURE 7.4 Delta as a function of asset price. 
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the-money, its slope is fairly flat. Out-of-the-money call options have very low
delta values; that is, the call value does not respond very quickly to changes in
the asset price. As the call moves into the money, the slope becomes steeper.
Where the call is deep in-the-money, the delta value is nearly one, that is, the
call value changes almost dollar for dollar with the asset price. Where the
underlying asset distributes no cash (i.e., i = 0), the change is exactly one-to-one.

For the index call option, the delta is 0.467 for the parameters of the valua-
tion problem. This means that, if the index level rises by one dollar from its
level of 49, the call value will increase by about 46.7 cents. Knowing this quan-
tity can be very useful in controlling asset price risk exposure. Suppose that we
own the index call. If the index falls by a dollar, our option falls in value by 46.7
cents. To control this risk, we might want to sell 0.467 units of the index. If the
index falls by a dollar, we lose 46.7 cents on the option but gain 46.7 cents on
the index. On the other hand, if the index rises by a dollar, we gain 46.7 cents
on the option but lose 46.7 cents on the short position in the index. This is
called a “delta-neutral” hedge portfolio. 

The delta of a European-style put is 

(7.45b)

The delta of a put is negative—an increase in asset price reduces the put value. Fig-
ure 7.4 also shows the put’s delta as a function of the asset price. At low levels of
asset price, the put is deep in-the-money and has a delta near –1. As the asset price
rises, the delta becomes smaller. A deep out-of-the-money put has a delta near zero. 

Eta: Percent Change in Asset Price

The option’s eta is the percentage change in the option value with respect to the
percentage change in the asset price. Although eta is generally not used directly
for risk management purposes, it is a useful metric for measuring an option’s
risk relative to the risk of the underlying asset. The call’s eta is

(7.46)

The call’s eta is always greater than 1. To see this, substitute the call option for-
mula for c in the expression for eta. Since c > 0 and Xe–rTN(d2) > 0, 

The value of the eta can be quite large, as Figure 7.5 demonstrates. At an asset
price level of 49, the call’s eta is 13.78. This means that if the underlying asset
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price rose by 1%, the call value would rise by about 13.78%. As the figure shows,
the eta grows larger as the asset price falls and the call becomes out-of-the-money.

The eta of the put is

(7.47b)

The put’s eta is negative and will always have a value less than –1.
The values of eta are useful in the assessment of option risk within a capital

asset pricing model framework. As we saw earlier in the chapter, the “beta” of
an option equals the beta of the underlying asset times the option’s eta, that is,
βc = ηcβS and βp = ηpβS. Options, being levered instruments, are much riskier in
a rate of return sense than the underlying asset. In return for the additional risk,
individuals can expect to get a higher return. 

Gamma: Change in Delta from a Change in Asset Price

An option’s gamma is the change in delta as the asset price changes. The expres-
sions for gamma for the European-style call and the European-style put are the
same, 

(7.47)

where, as noted earlier in the chapter, n(d1) is the univariate normal density at
d1, that is, 

FIGURE 7.5 Eta as a function of asset price. 
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FIGURE 7.6 Gamma as a function of asset price. 

The gamma tells us how quickly the delta changes as the asset price changes.
Figure 7.6 shows gamma as a function of the underlying asset price. At an index
level of 49, the gamma of the call is 0.081. Recall that the delta for this option is
0.467. The level of gamma tells us that if the index level rises by a dollar, the
delta will increase from 0.467 to a level of about 0.541. The highest level of
gamma occurs when the option is at the money. This means that at-the-money
options are hardest to hedge.  It also means that if we believe that the asset price
is about move in one direction or another an at-the-money spread will maximize
the portfolio’s dollar response to underlying asset price movements. 

Rhor : Change in Interest Rate

The change in the call value with respect to a change in the risk-free rate of
interest is called the option’s rhor and is expressed as 

(7.48a)

The sign of the partial derivative indicates that call value increases as the inter-
est rate increases. The reason is that the present value of the exercise price falls.
The value of rhor in our illustration is 5.305. If the interest rate increases by 100
basis points, the call value will increase in value by about 5.3 cents. 

The partial derivative of the put option price with respect to the risk-free
rate of interest is
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FIGURE 7.7 Rho – r as a function of asset price. 

(7.48b)

For the put, the value of rhor is negative. As the risk-free rate of interest rises, the
present value of the exercise price received upon exercising the option falls. The
value of rhor  for the put option in the illustration –7.040, implying that an
increase in the interest rate of 100 basis points reduces the option value by about 7
cents. The levels of rhor  for different levels asset price are illustrated in Figure 7.7.  

Rhoi: Change in Income Rate

The change in the call option price with respect to a change in the asset’s income
rate is called rhoi. The partial derivative of the call value with respect to a
change in the income rate is

(7.49a)

As the income rate increases, the call value falls, holding constant the asset price
and the other variables. The higher the income rate of the asset, the lower the
expected rate of price appreciation and the lower the call option value. The
magnitude of the derivative is small, however. For the stock index call option in
our illustration, the rhoi value is –5.720. In other words, if the income rate on
the index increases by 100 basis points, the call price will fall by approximately
6 cents. The call’s rhoi falls as the asset price increases, as is illustrated in Figure
7.8. The more the call is in the money, the greater is the effect that an increase in
rhoi  will have on the option value. 
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FIGURE 7.8 Rho – i as a function of asset price. 

The partial derivative of the put option price with respect to the asset’s
income rate is 

(7.49b)

As the income rate increases, the expected rate of appreciation in the asset price
falls and hence the value of the put option rises. The numerical value of rhoi for
the put option in our illustration is 6.469.

Vega: Change in Volatility Rate

The change in the option price with respect to a change in the volatility is called
“vega.”14 The vega of a European-style call option is 

(7.50a)

The sign of the derivative is positive, indicating that as the volatility of the
underlying asset return increases, the call option value increases. The intuition
for this result is that an increase in the volatility rate increases the probability of
large upward movements in the underlying asset price. The probability of large
downward asset price movements also increases, however, it is of no conse-
quence since the call option holder has limited liability.

14 The fact that vega is not a Greek letter shows what happens when industry participants are
allowed to assign names to concepts.
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FIGURE 7.9 Vega as a function of asset price. 

Figure 7.9 shows the option’s vega as a function of the asset price. This pat-
tern is very similar to that of the option gamma. The vega is highest where the
option is approximately at-the-money, and falls as the call goes deeper in (out of)
the money. The numerical value of the call option’s vega implies that the option’s
price is more sensitive to volatility than it is to either the cost of carry rate or the
interest rate.  The call vega for the option in our illustration is 9.696.  An increase
in volatility of 100 basis points increases the call’s value by nearly ten cents.  

The put option’s vega is the same as that of the call, that is, 

(7.50b)

The put option value also increases with an increase in volatility since the prob-
ability of a large asset price decrease increases. The vega of the put is also 9.696.

Theta: Change in Time to Expiration

The partial derivative of the option price with respect to the time to expiration
parameter is called the option’s theta. The theta of the European-style call is

(7.51a)

The expression for theta makes it difficult to determine whether the call value will
increase or decrease as the time to expiration falls. The theta is the sum of three
components. The first term on the right-hand side is positive and reflects the
increase in call value from an increase in the time to expiration increases the proba-

12

10

8

6

4

2

0

V
eg

a

40 45 50 55 60

Asset price

Call vega

Put vega

Vegap

∂p

∂σ
------ Se

iT–
n d1( ) T 0>= =

θc

∂c

∂T
------- Se

iT–
n d1( )

σ

2 T
----------- iSe

iT–
N d1( )– rXe

rT–
N d2( )+= =



242 OPTION VALUATION

bility of upward price movements in the asset price and increases the value of the
option. The second term may be positive or negative depending on whether the
income rate i is greater than or less than 0. If i < 0, the term is positive since as the
time to expiration increases the present value of the expected terminal asset price
grows large (recall that the underlying asset price grows at rate r – i while the dis-
count rate of the terminal value of the option is r). Finally, the third term is positive.
As time to expiration increases, the present value of the exercise price grows small.
Note that the only case where the overall value of theta is positive is where i ≤ 0.

Figure 7.10 shows how the theta of the call changes as a function of the
asset price. The theta takes its highest value for at-the-money calls. The theta
for the call in our illustration, for example, is near-the-money and is 4.482. This
means that if the option’s time to expiration is reduced by one day (i.e., 1/365th
of a year), the call will fall in value by about 1.2 cents. Over seven days, the
expected time decay is 8.6 cents.

The theta of the European-style put option is

(7.51b)

Like in the case of the call, the sign of the put’s theta is ambiguous. The inter-
pretation of the terms in the expression of the put option’s theta parallels that of
the call option. The first term is the increase in put value resulting from the
prospect of larger asset price movements when the time to expiration is large.
The second term is negative if i ≤ 0. In the case of the put, option value increases
where the cost of carry rate is below the interest rate. The third term is negative.
It reflects the fact that an increase in the time to expiration delays the receipt of
the exercise price and hence reduces the put option value.  The value of the theta
for the put option in our illustration is 2.988.
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FIGURE 7.10 Theta as a function of asset price. 
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FIGURE 7.11 Time decay of one-year out-of-the-money call option. 

Time Decay An option is a wasting asset in the sense that its value generally falls
as time passes. This must always be true for out-of-the-money options, for
example, since their value at expiration is 0. It is worth noting the rate of time
decay, however. Figure 7.11 shows the value of the index call in our illustration
with times to expiration ranging from 365 days down to 1 day. For options with
long times to expiration, option value decays at a reasonably steady daily rate.
Once the option gets close to expiration, however, the rate of decrease increases. 

Summary

This section contains analytical expressions for measuring the risk characteris-
tics of European-style options. In industry, these measures are called the
“Greeks,” because of the Greek letters to denoting each of the risk measure-
ment. All the expressions are derived by taking the partial derivative of the
option valuation formulas with respect to the parameter of interest. Table 7.3
summarizes the valuation equations as well as the formulas for the Greeks.

The summary in Table 7.3 can also be used for European-style options
whose noninterest carry costs are best modeled as discrete flows. Only two
minor adjustments are necessary. First, we must deflate the current asset price by
the present value of promised income during the option’s life, that is, set the
asset price in all the expressions of Table 7.1 equal to S – PVI. Second, we must
set the continuous income rate i equal to 0.

Likewise Table 7.4 can be used for European-style futures options. Here, we
must set the income rate equal to the risk-free rate so that the embedded cost of
carry rate of the futures equals 0. For your convenience, Table 7.4 summarizes
the valuation equations as well as the formulas for the Greeks for European-
style futures options. Note that since the futures does not have an income rate,
rhoi does not appear.
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TABLE 7.3  Summary of valuation equations and risk measures for European-style options 
where the underlying asset has a continuous income rate i.a

a For the case where the asset pays income as discrete flows rather than as a continuous rate,
two adjustments to the expressions in this table are necessary. First, set the income rate i equal
to 0. Second, wherever the asset price appears in an expression, substitute the asset price less
the present value of the discrete income flows that are paid during the option’s life, that is, S
– PVI.

TABLE 7.4  Summary of valuation equations and risk measures for European-style futures 
options.      

Call Option Put Option

Value c = Se–iTN(d1) – Xe–rTN(d2) p = Xe–rTN(–d2) – Se–iTN(–d1)

Delta

Eta

Gamma

Rhor

Rhoi
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TABLE 7.4     (Continued)

ILLUSTRATION 7.10 Compute values of European-style call and European-style put written on 
a futures contract. Also report their “Greeks.”

Compute the values of a one-month European-style call and a one-month European-style
put written on a wheat futures contract assuming the options have an exercise price of
500 cents per bushel. Also report the options’ Greeks. Assume the underlying wheat
futures has a price of 495 cents per bushel and a 12% volatility rate. Assume also that
the risk-free rate of interest is 5%. The contract denomination is 5,000 bushels.

The option values and Greeks can be computed straightforwardly using the formulas
summarized in Table 7.3. The values and risk measures are:

The values may also be computed using the OPTVAL functions with the prefix
OV_FOPTION_Greek¸ where Greek is DELTA, ETA, GAMMA, and so on.

The pair of columns on the left is in cents per bushel. The pair on the right are total
dollar values. The total dollar value is computed by multiplying by the contract size,
5,000 bushels, and dividing by 100 to convert from cents to dollars. The eta is not trans-
formed in the same manner as the others because it is an elasticity, that is, a percent
change in the option value with respect to a percent change in the underlying asset price.
The value of the vega for the call is 1,957.44. This means that if the volatility rate
increases from, say, 12 to 13%, the call option value will increases by approximately
1,957.44 × 0.01 = 19.57 dollars.

Call Option Put Option

Gamma

Rhor

Vega

Theta

In Cents per Bushel In Dollars per Contract

Call Put Call Put

Value   4.6429     9.6221 232.1453 481.11

Delta   0.3909   –0.6050 19.5434 –30.2487

Eta 41.6722 –31.1222 41.6722 –31.1222

Gamma   0.0223     0.0223 1.1161 1.1161

Rho – r 15.7364 –25.7570 786.82 –1,287.85

Vega 54.6958   54.6958 2,734.79 2,734.79

Theta 39.1488   38.8999 1,957.44 1,944.99
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ILLUSTRATION 7.11 Compute realized volatility and compare with volatility “implied” by 
option price.

The Excel file, RIMM.xls, contains a history of daily closing stock prices for Research in
Motion Limited (ticker symbol RIMM), manufacturer of the infamous “Blackberry” for
the calendar year 2004. As of the close on December 31, 2004, RIMM’s share price was
82.42. At the same time, a call option with an exercise price of 85 and an expiration date
of June 18, 2005 had a closing price of 10.10. Determine whether this call option was
fairly priced on December 31, 2004, assuming that the risk-free interest rate was 2.72%.
RIMM is not expected to pay cash dividends over the next year.

In order to determine whether the option is fairly priced, we must determine its the-
oretical value. The BSM call option pricing formula requires six parameters, five of
which are known.15 The stock price is 82.42, and the stock pays no cash dividends. The
option’s exercise price is 85, and its time to expiration is 169 days or 0.4630 years. The
risk-free rate of interest is 2.72%. What remains to be estimated is futures volatility rate
of the stock’s return. 

One way to develop an estimate of the future volatility rate is to estimate historical
volatility. Based upon the daily price series in the Excel file, compute the standard devia-
tion of the daily continuously compounded rates of return, Rt = ln(St/St–1). If it is reason-
able to assume that RIMM’s immediate volatility will persist into the future, the
historical estimate is a reasonable proxy for future volatility. Based upon the daily
returns, the historical volatility is 3.10% per day. To annualize this volatility, we multiply
by the square root of the number of trading days in the year (i.e., ). The annual vol-
atility rate, based on daily returns, is 49.17%.  

Before proceeding to the next step of valuing the call option, it is useful to remind
yourself of any implicit assumptions you are making in your estimation. You used daily
rates of return in computing your estimate of volatility, for example. But, the rates of
return may be for any length period—a day, a week, or a month. As a general rule in sta-
tistics, the more information (i.e., number of observations) that you use in estimation,
the more accurate will be your estimator. Weekly returns will therefore provide a more
reliable estimate than monthly returns, holding the overall length of the estimation
period constant (in this case, one year).

Following the same logic, it would seem daily returns will provide a more reliable
estimate than weekly returns. Unfortunately, this may not be the case. The reason is that
each return is based on daily closing prices, and each daily closing price has error. What
you want to measure at the close each day is the “true” price of the stock. What you have
is the stock price at the time of the last trade. The last trade price did not occur at the
true price, but rather at the bid price if the trade was seller-motivated or at the ask price
if the trade was buyer-motivated. Since the true price is presumably in between, each
day’s return is computed with error. The observed volatility that you computed, therefore
3.10% per day, is the sum of two components—the true volatility of the stock and vola-
tility of the error in measurement. Without knowing whether each trade was a buy or a
sell, you cannot unwind the effects of this error in the daily prices.

What you can do instead is increase the length of time between price observations
from, say, daily to weekly. In place of having 252 “errors” in your estimate, you will now
have only 52. The Excel file, RIMM.xls, also contains a spreadsheet with weekly prices.
Note that the prices are for Wednesday each week. As a practical matter, fewer holidays

15 Even though exchange-traded stock options are American-style, we can use the BSM Euro-
pean-style option formula because, as we showed in Chapter 6, American-style options on
nondividend-paying stocks will not optimally be exercised early.
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fall on Wednesdays so that the time between observations is usually exactly seven days.
Based on weekly returns, the volatility rate is 6.17% per week. To annualize this figure,
we multiply by the square root of 52. Hence, based on weekly returns, the annualized
volatility rate is 44.46%, well below the 49.17% computed based on daily returns. Based
on these results, it is probably most sensible to use 44.46% as the estimate of expected
future volatility. 

Having all of the necessary parameters in hand, we can now compute call option
value. Substituting the parameters in to the option valuation function, we get

OV_OPTION_VALUE(82.42, 85, 0.463, 0.0272, 0.0, 0.4446, “c”, “e”) = 9.26

The closing option price was 10.10, however, indicating that the call is overpriced by 84
cents. 

Often traders prefer to talk about “implied volatilities” rather than prices when talk-
ing about different option series. An implied volatility is the level of expected future vol-
atility that equates the price of the option to its theoretical value. You can do this using
Excel’s SOLVER. Simply find the level of volatility, v, that satisfies the constraint that 

OV_OPTION_VALUE(82.42, 85, 0.463, 0.0272, 0.0, v, “c”, “e”) = 10.10

Given the observed option price of 10.10, the implied volatility is 48.23%. One interpre-
tation of this volatility is as a “market consensus” estimate in the sense that both a buyer
and a seller are presumably in the market and willing to trade at 10.10. For ease of com-
putation, the OPTVAL Function Library contains an implied volatility function. To ver-
ify the SOLVER solution, 

OV_OPTION_ISD(82.42, 85, 0.463, 0.0272, 0.0, 10.10, “c”, “e”) = 0.4823

SUMMARY

This chapter focuses on valuing European-style options under the assumptions
that individuals are risk-neutral and that asset prices are log-normally distrib-
uted at the option’s expiration. At the outset, we establish that option values are
the same regardless of whether individuals are risk-neutral or risk-averse. With
the irrelevance of risk preferences established, we adopt a risk-neutral valuation
framework. Assuming that the underlying asset price is log-normally distributed
at the option’s expiration, we value a European-style option by taking the
present value of its expected future value. With an analytical expression of
option value in hand, we examine the option’s sensitivity of option value to
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changes in its underlying parameters. These risk measures are popularly referred
to as the “Greeks.” They will be used extensively in the risk management appli-
cations examined in later chapters of the book. 
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APPENDIX 7A: APPLICATIONS OF ITO’S LEMMA

Ito’s lemma is an important mathematical result16 that has found many applica-
tions in finance, particularly in the area of derivatives valuation. This appendix
provides Ito’s lemma, and then applies it in several ways.

Ito’s Lemma

A statement of Ito’s lemma begins with the definition of an Ito process. A variable
x is said to follow an Ito process if it dynamics can be described in the form,

(7A.1)

where dz is an increment to a Wiener process, z(t), and a and b are functions of x
and t. In (7A.1), the variable x drifts at a rate of a and has a variance rate of b2.

16 See Ito (1951).

dx a x t,( )dt b x t,( )dz+=
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Now suppose there exists a function f that depends on x and t. Under Ito’s
lemma, this function also follows an Ito process with a drift rate and variance
rate as shown below,17

(7A.2)

where the dz is the same Wiener process as in (7A.1). 

Application 1: Derivatives Price Movements

The Black-Scholes/Merton (BSM) option valuation framework assumes that the
asset prices follows the Geometric Brownian,

dS = αSdt + σSdz (7A.3)

where α and σ are constant. Comparing (7A.3) to (7A.1), we see that a(x,t) = αS
and b(x,t) = σS. It therefore follows that the price movements of a derivative
contract written on the asset depends on S and t, that is, f(S,t), follows the
dynamics,

(7A.4)

Application 2: Forward Price Movements

Equation (7A.4) applies Ito’s lemma to find the dynamics of derivatives prices
given the dynamics of asset prices. We now turn to a specific derivative contract
to further illustrate our results. From Chapter 3, we know the net cost of carry
for a forward contract is

f = Seb(T–t) (7A.5)

where t represents the evolution of time (i.e., the time to expiration of the for-
ward contract rows short as time passes). Using (7A.5) to find the derivatives in
(7A.4), we get

,   ,   and   

The forward price, therefore, follows the dynamics 

17 The drift rate equals the term in the parentheses. The variance rate is .
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(7A.6)

where dz is the same Wiener process as in (7A.3). In other words, the forward price,
like the asset price, follows geometric Brownian motion, however, the drift rate of
the forward is lower than the drift rate of the asset by the cost of carry rate, b.

Application 3: Modeling the Logarithm of Asset Price

As noted in the text of the chapter, it is sometimes convenient to work with the log-
arithm of asset prices rather than asset prices directly. Since lnS qualifies as a func-
tion of S and t, we can apply Ito’s lemma to find the dynamics of lnS. If f = lnS, then

,   ,   and   

Thus, the movements in the logarithm of stock price follow the geometric Brown-
ian motion, 

(7A.7)

where µ is the drift rate in the logarithm of asset price, as distinct from α, which
is the drift rate in asset price itself. 

APPENDIX 7B: RELATION BETWEEN THE CONTINUOUSLY 
COMPOUNDED MEAN RETURN AND THE MEAN CONTINUOUSLY 
COMPOUNDED RETURN

The continuously compounded mean return of the asset over the interval 0 to T
is defined as

(7B.1)

where  is the normally distributed, continuously compounded rate of return
from 0 to T. The rate of return, , can be reexpressed in terms of a standardized
unit normally distributed variable, , that is,
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where µ and σ are the mean and and the standard deviation of the continuously
compounded rate of return on the asset. We can write the rate of price apprecia-
tion of the asset as

(7B.2)

and the mean expected rate of price appreciation as

(7B.3)

Since z is unit normally distributed, we may write (7B.3) as

(7B.4)

where

is the normal density function. Now add and subtract an amount σ2T/2 in the
exponent on the right-hand side of (7B.4). We get 

(7B.5)

Since integral expression on the right-hand side of (7B.5) is the area under the
unit normal density function and equals one. Thus

(7B.6)

Substituting into (7B.3), we get
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(7B.7)

or more simply

(7B.8)

APPENDIX 7C: APPROXIMATION OF THE UNIVARIATE NORMAL
PROBABILITY

The probability that a random drawing from a unit normally distributed vari-
able will be below d is 

The following polynomial provides an approximation of this probability that
has a maximum absolute error of 0.000000075.

where

, 

a0 = 0.3989423, a1 = 0.319381530, a2 = –0.356563782, 

a3 = 1.781477937, a4 = –1.821255978, and a5 = 1.330274429

The value of a must be greater than 0. To obtain the probability for a negative
value of a, compute the probability for –a, N1(–a), and then subtract from one,
that is, N1(a) = 1 – N1(–a). This approximation appears as the function
OV_PROB_PRUN in the OPTVAL Function Library. An illustration follows:
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APPENDIX 7D: DERIVATION OF BLACK-SCHOLES/MERTON OPTION 
VALUATION FORMULA

The derivation of the Black-Scholes (1973)/Merton (1973) (BSM) formula fol-
lows directly from the Ito mechanics described in Appendix 7A. If the asset price
movements follow the geometric Brownian motion,  

dS = αSdt + σSdz (7D.1)

derivatives written on this asset have price movements described by 

(7D.2)

where the underlying source of uncertainty, dz, in (7D.1) and (7D.2) is the same. 
The key insight of Black-Scholes and Merton option valuation model is that,

if the underlying source of risk is the same for both the asset and derivative con-
tracts written on the asset, it should be possible to create a risk-free hedge port-
folio by buying the asset and selling the derivative contract or vice versa. To see
this, suppose we sell one derivative contract and buy ∂f/∂S units of the underly-
ing asset. The value of our portfolio will be

(7D.3)

Over the next instant in time, the portfolio value changes in response to changes
in the prices of the derivative contract and the asset, as well as a result of col-
lecting income on the asset at the constant, continuous rate, i. Algebraically, 

(7D.4)

Substituting (7D.2) and (7D.1) for df and dS, 

Note that by constructing the portfolio in this manner, the only source of risk,
dz, has been eliminated. Since the portfolio is risk-free and perfect substitutes
must have the same price, holding this portfolio is equivalent to holding an
equal dollar investment in risk-free bonds, that is,
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(7D.5)

By rearranging (7D.5), the BSM partial differential equation is identified,

(7D.6)

Equation (7D.6) is the Black-Scholes/Merton model, and should not be con-
fused with the Black-Scholes/Merton formula. The latter is a special case of the
model to be discussed shortly. The BSM model (7D.6) applies to all derivatives
written on S including calls, puts, European-style options, American-style
options, caps, floors, and collars—any derivative contract for which it is appro-
priate to assume the asset price dynamics follow geometric Brownian motion.18

What distinguishes each derivative is the set of boundary equations applied to
(7D.6). For a European-style call option, the boundary condition is f = max(0,S
– X) at time T. For a European-style put option, the boundary condition is f =
max(0,X – S) at time T. For American-style calls and puts, the respective bound-
ary conditions apply at all times between the current time 0 and the expiration
date T. Sometimes the partial differential equation subject to a boundary condi-
tion has a solution that can be expressed as an analytical formula. This is true
for European-style options, for example. At other times, no analytical formula
is possible and approximation methods must be used. Methods for approximat-
ing the value of derivatives contracts are the focus of Chapter 9.

To test whether the BSM call option formula, f = Se–iTN(d1) – Xe–rTN(d2),
satisfies (7D.6), substitute the formula as well as its partial derivatives, 

,

,   and  

into the differential equation (7D.6) and get

18 This eliminates many derivatives contracts written on interest rate instruments whose un-
derlying asset price cannot rise above a certain level (e.g., an option on a Treasury bill). In
these instances, it is more common to let the underlying source of uncertainty be the short-
term interest rate.
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A little algebra shows that all terms cancel, implying that the BSM option valuation
formula satisfies the BSM model (i.e., the partial differential equation (7D.6)).

APPENDIX 7E: DERIVATION OF THE “GREEKS”

The “Greeks” for the BSM formula are provided in the chapter. Each of them is
derived below by taking the partial derivative of the option with respect to each
of its determinants.

The BSM formulas are:

where

 and 

Useful Relations

To begin, it is useful to note the following relations. First, note that the partial
derivatives of d1 and d2 with respect to S are

(7E.1)
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From the definition of the normal density function,

the relation between n(d1) and n(d2) can be derived,

(7E.3a)

It follows that

(7E.3b)
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(7E.4b)

Eta

Eta of call, ηc:

(7E.5a)

Eta of put, ηp:

(7E.5b)

Gamma

Gamma of call, γc:

(7E.6a)

Gamma of put, γp:

(7E.6b)

Partial Derivative with Respect to Exercise Price
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Rhor

Rhor of call, :

(7E.8a)

Rhor of call, :

(7E.8b)

Rhoi

Rhoi of call, :

(7E.9a)

Rhoi of put, :

(7E.9b)
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(7E.10a)

Vega of put, Vegap:

(7E.10b)
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(7E.11b)
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